TeopeTnyeckoe onmcaHume
CTEKONbHOro nepexoaa Bo
dopycTpupoBaHHON

XY Mmoaenw

Muxaunn BacuH

Physical-Technical Institute,
Ural Branch of Russian Academy of Sciences
&
Institute for High Pressure Physics of Russian Academy of Sciences



TeopeTnyeckoe onmcaHume
CTEKONbHOro nepexoaa Bo
dopycTpupoBaHHON

XY Moaenwm
(B BbIpoXAeHHbIX SO(2) (U(1))
cucrtemax)



Conditions for glass transition:

< Ordering process (phase transition)
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Frustration in amorphous matter
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Disclination net of model of liquid Ni
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Gauge model of Glass

Topological phase transition in the XY model of a spin glass
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3D XY-model

The simplest example of degenerate system

N
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3D XY-model




XY-model

Continuous formulation
J. Villain, J. Phys. C 10, 1717 and 4793 (1977); 11, 745 (1978).

L =109 + m|¥|” - |‘P|
N

order parameter field
(vector in XY plane)

, b, ¥ - Ye?
potential energy - U(WY) = —m|¥Y|” + 5|‘P|

m=aoaT,—T)(a>0)

/N

temperature of symmetry breaking temperature of the system

The system undergoes the symmetry breaking in Te.



XY-model
Spontaneous symmetry broken
¥ — Yeld

U(T) = —}"?’1|lP|2 + é|lP|4 local ordering
2 WP = Q* = (T, - T)/b

U
==~

N\

The system is degenerated

- il
m<0(T>T,) m>0(T<T,)

10 But it is not phase transition yet!
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XY-model

The appearance of the non zero magnitude of the
local order parameter does not mean the appearance
of along range order.

The reason is the presence of instanton solutions
(disclinations or vortices).

¥ — Pe'?

T Vortex

/ (instanton)
f t - o



XY-model
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« Avortex (disclination) is a topological stable spin-formation, which lowers the correlation of
the system.
« There are two kinds of vortices (disclinations): clockwise and counterclockwise which occur
as pairs (dipole).
» Because vortices (disclinations) are stable they can only disappear when a pair comes

12 together and annihilates.



3D XY-model

«PpycTpauUMOHHbINE NUHUNY |, E. Dzyaloshinskii and S. P. Obukhov, Sov. Phys. JETP 1982

vortex
vortex i disclinat
odel rindom IC, L =64, Hy=1, AE=—005489 vortex lines (disclinations)
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Cross-section

13 D.A.Garanin, E.M.Chudnovsky, T.Proctor Phys.Rev. B88 (2013) 22, 224418



XY-model

In order to take the disclinations into account in the model the
derivative is changed by the covariant derivative with gage field A.
The disclination is source of the gage field.

b
m|P|* — 5|‘Pr‘,

b
P —

\

covariant derivative

Y 5 Yel?

The system is invariant

B under rotation

15



XY-model

We consider static case
80AV 777 O, 80‘P =5 O,

In the Coulomb gauge

A, =(0,iA),V-A=0
fluctuation near the equilibrium
value l// — P _ Q |\Ij|2 - QZ = Q’(TC _ T)/b
B’ M*
F = — +|VyY|" + —A> + mlyl* + ° A" + ...
/4 87

where B = VXA, and M? = 4ng’a(T -T,)/b
16



XY-model

We consider static case
80A,, — O, (9()\1} — O,

in the Coulomb gauge

A, =(0,iA), V-A=0

AuCtR AT LGN 2L (p) (A (MA (=) = A (n)

& VP = Q* = a(T. - T)/b
B2 s ) M2 . N R N ) 5 HORR S 1 2
- — " - + ...
d 81G(p) = £ A Fre.... L
p2 +m g p2 + M?
wheie b = v XA, dNU vl = 4/y w1 — 1 (__-)/b

17
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Taking into account of vortices

averaging over all configurations of the disclinations:

N
Z f DA B Fdr f dr,, exp [iBaD'zlnlA(l‘n)ﬂ'
1l ,\

\VpaP-2J,=+1 n=1

Source of A
leads to
B2 M2
F = il A% = 2287 cos(V/BaP2|A)),
(3 T
a — Is the radius of the
where 1 = AyePEe

disclination core

power series expansion of cos

/
=1—B%o—0—o+[}2%+—ﬁ3é%+...



2D XY-model

] 3 S
Mfff ~ M’ + 1671 [1 - E,BA(MZ) 4 EﬁzAz(M‘“)—

56;,3/331\3(1\42) e

AM?) ~ f

d°p 4r
(27)” p + IMF

We expect that M? < a~2. Therefore

2
M;

i ==

2 1 B
M~ + 167 exp [—5 ln(a“/IMlz)] =

= M’ + 16z exp [—§A(M2)] :

=B In(1 + a?/|M|).

M? + 1671 +/|M|2a>.




3D XY-model

YUneHbl pasnoxeHusa B cTeneHHou pagc 71 > ZD/(D — 2)

UppeneBHTHbI (HECYLLECTBEHHDI)!

B> M Z 7
T = + 87'f A” 228 cos(yBaP ALY, where A = Ape PEe
In 3D
T' _ B_ M- ﬁa 187(14 A()’
87r 8 4! 0!

M:,= 4ng*a(T — T,)/b Ty = de— 21b/g*«

19




Phase diagram

U | W =0
1 —

glass transition
In 3D

A
Ee mobile
//—' disclinations

Tg?
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Liquid

Disclination !

U ‘_*II‘{‘I =0

~F

+

Paramagnet

Simple
Liquid

*/ n
T,=T.—-2ba/g°a



OueHKa KoppensuMoHHOro paguyca
N BpeMeHU periakcauumu



Correlation radius estimation
(JO)J(r)) o< expl[-r/r.]
JPI=p)) o< (p* + 227!

JPIJ(=p)) = f DA JP)J(—p) exp [—B f F'dr — iBa”*J(—p)A(p)+

" 47Ta2(D—2)—D
ipa “J(p)A(—p)] o« J(p)J(=p) exp [BJ(p) 5 J(—p)],
P+ My

J(p)J(_p)|p—>[} — de'Jz(I') — ﬁ_]az—D

e o AI@IPIpo o exp [27a2 M7 |




Glass transition (3D)

Let us consider vortex correlation

JP)J(-p)) = f DA J(p)J(—p)exp |- f F'dr — BaJ(—p)A(p)+

ﬂ_l

4
Ba(P)A(-p)] &< JPII(=p) exp |BI(P) ————J(—p)
_ P+ M,y

-

The correlation radius can be estimated:

re o VI@I(=P))po o exp |2na M, 7, | .
where

M?,. =4ng*a(T, - T)/b T,=T,-2ba/g*a

eff
22



Glass transition (3D)

Let us consider vortex correlation

JP)J(-p)) = f DA J(p)J(—p) exp —ﬁ f F'dr — BaJ(—p)A(p)+

ﬂ_l

BaJ(P)A(=p)] < J(p)J(=p) exp |BJ(p) 5———J(-P) |,
_ p’ + My

The relaxation time is

-—lIl_ _ - - o= o MT_ - - - - _ - —at __ _a_ 1

SO TR I 1

a(ag) (T 2a° (T 13"5{5‘? |
| \?\)\EX\@
Jooe"
where
M}, = 4ng*a(T, - T)/b T,=T,-2ba/g*a
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BKT (2D)

The correlation radius can be estimated:

Fe & \/<J(p)J(—p)>p—->O o EXPp [27ra_2M;jz‘f s

The relaxation time is

I . — 7
WS 273 T —-T"
8 \/271(Aa?): e

where

M;,, =4ng’a(T* - T)/b



25

Critical dynamics (3D)

I 21, T
GV, w) = ————, G, 0) = —F5——,
(Wi p-+m il ,w b (p~ +m ) + L
drg,,, 2(4m)°TAT %
ALV (P, w) = = _g” AP, ) = ,( ) . v
(A 4> p+M”:tzl“Aw (A AN (p’ +Mf,)+l"-
!/ NE L 1"/

We can use the Keldysh .t

technique to analyze the

g;i;itcearlllldynamics of the /\/ /y /“'\/
S-0. 0
>OK % SOk O




Critical dynamics (3D)

M. G. Vasin, Phys. Rev. B 74, 214116 (2006);
M.G. Vasin, N.M. Shchelkachev, and V.M. Vinokur.
Theoretical and Mathematical Physics, 163(1): 537-548
(2010);
M. G. Vasin, J. Stat. Mech., P05009 (2011);
Plateau on the time dependence of

_ _ _ Temperature dependence of heat capacity
the pair correlation function

Co

In(t)

The temperature dependence of the relaxation time satisfies to the Vogel-Fulcher-Tammann law

T X EX [ 2 l ] €X [ : (T( — TQ)
oc =
26 P a/(ag)z (T = Tg) P 2/la3 (T - Tg)




BbiBOAObI:

Nepexon bepe3unHckoro-Koctepnuua-Tayneca n
CTeKONbHbIN nepexon B XY-moaenu no ceBoen npupoae
eCTb aHanornyHoin nepexoa B 2D um 3D cucremax
COOTBETCTBEHHO.

OH npeacraBsnsaeT cobon TOMOJIOrN4YEeCKUNn
(reomeTpunyeckun) dazoBbIU nepexoa Mexnay
COCTOAHUAMU C MNOABWXHbLIMM U HenoaBWXHbLIMU
BUXPAMU (AUCKNUHALNAMMN).

B 2D cuctreme TennoBble ¢rnyKkTyauum cCcunbHee
pa3pywaroT NoOpsAAoK, YTO NMpuBOAUT K Ooriee crnadowu
pacxoaMMocCTu KOppensauuoHHOro paguyca n
XapaKTepHOro BpeMeHun penakcauuum npuv npuonmxeHmnn
TemMnepaTypbl K TOYKe nepexoaa.






Critical dynamics (3D)
[scaling]

next level vortex vortex loops

topological moments

next level vortex loop

The linear topological defects form the loops which have topological moments also
forming a XY-system but at greater scales and so on.
This hierarchy of topological moments of the vortex loops allows us to use the

24 scaling hypothesis for description of the critical properties of disordered systems.



Non-equilibrium quasi-long-range order of driven random field O(/N) model

Taiki Haga
Department of Physics, Kyoto Uniwversity, Kyoto 606-8502, Japan®
(Dated: October 20, 2015)

We investigate three-dimensional O(/N') spin models driven with a uniform velocity over a random
field. Within a spin-wave approximation, it is shown that in the strong driving regime the model
with N = 2 exhibits a quasi-long-range order in which the spatial correlation function decays in
a power-law form. Furthermore, for the cases that N = 2 and 3, we numerically demonstrate
a non-equilibrium phase transition between the quasi-long-range order phase and the disordered

phase, which turns out to resemble the Kosterlitz-Thouless transition in the two-dimensional pure
XY model in equilibrium.
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The disclinations in the
poly-tetrahedron model of
simple liquid

+



